ABSTRACT. The paper present the so-called "an extended averaged equation approach" to the investigation of nonlinear vibration problems. The numerical results in analysing the vibration systems with weak, middle and strong non-linearity show the advantages of the method.
l. Introduction
In recent decades, a great number of achievements in nonlinear oscillation field has been obtained. There are several documents specializing in approximate techniques for solving deterministic and / or random vibration problems, for instance, see [1] [2] [3] [4] [5] [6] and see [7] [8] [9] , respectively. Many outstanding analysis methods as well as numerical methods are established. As results, significant characteristics of nonlinear systems subject to deterministic or random excitations are discovered. These properties have been effectively applied to many engineering fields, such as problems of vibration for machines, traffic means, civil-engineering etc ...
However, there still exist many problems that need to be investigated, namely, there is a number of gaps between weakly nonlinear systems and strongly nonlinear ones, between deterministic systems and stochastic ones. Some well-known methods which can be applied to stochastic systems (for instant, the F-P-K equation method, the Gaussian closure method ... ) normally cannot be used for deterministic ones and vice verse (for example, the harmonic balance method, ... ) due to the fact that many principal concepts in stochastic vibrations do not make sense in deterministic fields. Furthermore, it is obviously that some outstanding methods such as: the method of small parameter, the averaging method, the Gaussian equivalent linearization method, the Gaussian closure method ... are very effective in analyzing weakly nonlinear systems. Nevertheless, the accuracy of these techniques decreases rapidly when non-linearity of the systems increases.
Several well-known analysis methods are very useful in theoretical investigations but can hardly be combined with computers (for instant, the averaging method ... ). In contrast, many numerical methods are very effective in calculating and making simulations but they have a limited ability to find out common properties or rules governing systems due to its weak point in analysis. Therefore. "semi numericalsemi analysis methods" need introducing by researches.
In addition, vibration problems of engineering systems with strong non-linearity especially the ones under earthquakes , storms ... have been of great concern. Unfortunately, most of well-known approximate methods such as method of small parameter, averaging method [1] [2] [3] [4] [5] [6] for investigating non-linear vibration phenomena are only applicable to weakly nonlinear systems.
Method of moment equation (ME) is an effective tool analysis of random vibration problems. It can give good approximate solution for strong nonlinear systems if an adequate choice of closure can be made [10] [11] [12] .
The aim of the paper is to extend the method of ME to the field of deterministic vibrations. First , an extended averaged equation for deterministic systems is presented and then, for illustration, some free oscillations of the Duffing system are investigated. Finally, the advantages of the proposed method are shown in the numerical results.
Extend averaged equation for deterministic system
Consider a nonlinear system (2.1)
) is a nonlinear function vector of the vector Z . Together with the original system (2.1) , we introduce its corresponding linear system X=AX , X=(x1 ,X2 , ... , xn), A={aij} (i, j=l, 2, . . . , n), (2.2) here A is an unknown constant matrix, which will be determined from equations proposed later by the method. For an arbitrary differentiable function 'W(Z, X) one gets
It is supposed that all the averaged terms in the Eq. (2.6) exist. In the paper, we consider W = zk'z~, W = zk'x~, W = x'kx~, here k , s, m, p = 0, 1, 2, .. . It should be remarked that, the equation (2.6) -(a set of equations) could be referred ,to as extended averaged equation, which is similar to the moment equation in the theory of random vibrations, where the averaged operator is taken in the probabilistic meaning. The first advantage of the Eq. (2.6) is that this equation is exact one if the condition (2.5) is satisfied. The second advantage is that the Eq. (2.6) can be applicable to weak and strong nonlinear systems since the condition of small nonlinearity of the system is not used for establishing the Eq. (2.6). Furthermore, the Eq. (2.6) contains both the response Z(t) of the original system and the response X(t) of its corresponding linear system. Thus, it can express the link between the responses. Consequently, it allows us to makes choices of the variable Z(t) in some optimal ways. On the other hand, one might suppose that the accuracy of the technique would be better if more averaged equations could be satisfi.ed. In order to satisfy more equations, the original variable Z ( t) is proposed to be taken in form of a nonlinear vector function of variable X ( t)
here a also is an unknown vector. Now, Z(t) is not a solution of a linear system any longer, so it can express nonlinear properties of the original system, whiCh is used to be ignored when applying some classical methods. In this paper, we confine ourselves to establishing the response of the nonlinear Eq. (2.1) in a polynomial form. Consequently, the matrix A and the vector a of the polynomial are unknown, which will be determined by solving a certain closed set of equations formed from the Eqs. (2.6) (and initial conditions of the Eq. (2.1) , if there are) .
It seems that the averaged equations (2.6) may give good approximate solutions for both weak and strong nonlinear systems. These advantages will be illustrated by some following examples.
Duffing oscillator
Consider a free oscillator of the Duffing system governed by the following equation Introduce its corresponding linear system (3.2)
In this cases, the Eq. (2.6) takes the form
where
(3.4)
Taking the "lowest" polynomial functions w(z, i, x, x) from (3.3), one gets following equations, for example, In order to close a set of averaged equations one needs some additional relationships between the variables. For instance, in the averaging method one puts It should be remarked that for the Eq. (3.1) one has the exact period TE ([1, 4) ) for
Now, the response of the nonlinear Eq. (3.1) is proposed to be a cubic polynomial The cases /3 = 1 It can be seen from the Table 1 
Conclusion
In the paper, the original and its corresponding linear equations are considered simultaneously. As the result , the so-called extended averaged equation is established. It is similar to the moment equations in the theory of random vibrations, where the averaged operator is taken in the probabilistic meaning. In addition, the solution of the nonlinear system is proposed to be a polynomial of the solution of its corresponding linear system. Based on this equation, the correlation between the original variable Z(t) and the variable X(t) is shown. Thus, a possible way to determine the polynomial coefficients and the linear system can be derived. In . addition, the technique is quite simple since it can use properties of the harmonic functions , although the calculations are more complicated than the averaging method. The proposed method has been effectively applied to the free oscillations of the Duffing system. However, the technique should be tested for other non-linear systems and some related questions may aside: Which set of extended averaged equations and which form of polynomials should be chosen to get a better approximate solution?
